We consider the problem of designing an Ansatz for the fermion-photon vertex function, using three-dimensional quantum electrodynamics as a test case. In many existing studies, restrictions have been placed on the form of the vertex Ansatz by making the unsubstantiated assumption that in the quenched, massless limit the Landau gauge Dyson-Schwinger equations admit a trivial solution. We demonstrate, without recourse to this assumption, the existence of a non-local gauge in which the fermion propagator is the bare propagator. This result is used to provide a viable Ansatz for part of the vertex function.
I. INTRODUCTION
Dyson-Schwinger equations (DSEs) provide a viable method for studying the nonperturbative behaviour of field theories. In gauge field theories in particular, a common technique is to analyse the fermion propagator by truncating the infinite tower of DSEs at the level of the propagator DSEs. One then implements an intelligent Ansatz for the gauge boson propagator and boson-fermion vertex function [1] .
For quantum electrodynamics in either three (QED3) or four (QED4) dimensions, there has for some years now been an ongoing programme of improving the Ansatz for the fermionphoton vertex [2] [3] [4] [5] [6] . A principal goal of this programme is to invent an Ansatz which respects the gauge covariance of Green's functions in accordance with the transformation properties discovered by Landau and Khalatnikov (LK) [7] .
It has traditionally been common practice in DSE studies of QED3 or QED4 to assume, either implicitly or explicitly, that in the quenched (i.e. N f → 0), massless limit, the DSEs admit the trivial solution of bare fermion propagator and bare vertex in Landau gauge [2] [3] [4] [5] 8, 9] . In the case of QED4, this assumption has recently been questioned by by Bashir et al. [6] , who use the one-loop perturbative correction to the vertex [10] to model an unknown additional transverse part of the vertex.
In this paper we explore the problem of constructing a viable vertex Ansatz for the case of QED3, without recourse to the above simplifying assumption. We choose to work with QED3 rather than its four dimensional counterpart because its benign ultraviolet properties render the integrals we encounter finite, obviating the need for awkward numerical regularisations. The four component version of massless QED3 which we consider here has an interesting chiral-like U(2) symmetry which, if dynamically broken, leads to dynamical mass generation. The evidence from both DSE and lattice calculations, suggest that this is almost certainly the case, at least for small numbers of fermion flavours [11] . Here, however, we shall be considering the chirally symmetric solutions, which must also respect the LK transformations, and can therefore be used to place restrictions on the allowed form of the vertex Ansatz.
We shall demonstrate the existence of a gauge in which massless QED3 admits a bare fermion propagator solution, though this may not be Landau gauge, even in the quenched case. The vertex function decomposes into two parts, an in principle known part which reduces to the bare vertex in the gauge mentioned, and an extra, unknown transverse part. By studying the gauge parameter dependence of the photon polarisation scalar, we construct a computationally viable vertex Ansatz for the first of these two parts.
The massless fermion DSE for QED3 in Euclidean momentum space is
where the Euclidean γ matrices satisfy {γ µ , γ ν } = 2δ µν . D µν is the photon propagator which, for the class of covariant, nonlocal gauges and for N f fermion flavours takes the form
where
The gauge choice
with ξ constant, defines the usual covariant gauge. The regulated photon polarisation scalar [12] is given by
A common starting point for constructing vertex Ansätze is the Ball and Chiu vertex [13] . Writing the dressed fermion propagator in the chirally symmetric phase as
the Ball-Chiu vertex is given by
where 8) and the transverse part of the vertex Γ
(1.9)
Without loss of generality, the transverse part can be written in terms of eight scalar func-
Charge conjugation invariance restricts all g i to be symmetric under interchange of p and q, except g 6 , which is antisymmetric. Given the form of the fermion DSE, it is reasonable to assume that in the chirally symmetric sector, only those T i µ consisting of terms with odd numbers of Dirac matrices contribute to the vertex function. Any terms containing even numbers of Dirac matrices would need to conspire to produce contributions to the final term in Eq. (1.1) which integrate to zero. Throughout this paper we shall therefore assume that only the four T i µ listed in the appendix contribute to Γ T µ in the chirally symmetric sector. We also adopt the position that a useful Ansatz should be such that the g i have no dependence on the gauge fixing function ∆(k 2 ) other than that entering implicitly via a functional dependence on other Green's functions (such as the A dependence in Γ BC ). This allows one to exploit gauge covariance of the solutions of the DSE as a constraint on the functions g i . 
II. THE BARE PROPAGATOR GAUGE
The Ball-Chiu vertex is arrived at by requiring that the following criteria be satisfied: (a) it should satisfy the Ward-Takahashi identity (WTI):
, or equivalently, be free of kinematic singularities as p 2 → q 2 and (c) it must have the same transformation properties as the bare vertex γ µ under Lorentz transformations and charge conjugation.
In many papers dealing with QED DSEs [2] [3] [4] [5] 8, 9 ] the vertex function is effectively assumed to be restricted by a further condition, namely: (d) it must reduce to the bare vertex (i.e. Γ T µ reduces to zero) when dressed propagators are replaced by bare propagators.
A consequence of condition (d) is that, in Landau gauge (∆ = 0), the chirally symmetric solution to the massless, quenched fermion DSE Eq. (1.1) is the free propagator
is the propagator in coordinate space and |x| = (x µ x µ ) 1/2 . Eq. (2.1) follows from the identity
which ensures that the perturbative one-loop fermion self energy in this case is zero. In reference [6] Pennington et al. argue that restriction (d) is not justified in QED4, and indeed not consistent with perturbation theory. Likewise, we have no reason to assume in QED3 that condition (d) is valid or that the bare fermion propagator is a solution to the quenched theory in Landau gauge. In fact, the vertex function is in principle determined by the vertex DSE
where the kernel K is a sum of skeleton graphs containing the dressed fermion and photon propagators and dressed vertex function. The photon propagator, and hence the kernel, is determined via Eq. (1.5) once the fermion propagator and vertex function are determined. Eq. (2.3) is then an integral equation relating Γ µ and S. We therefore expect the full vertex impose gauge covariance on solutions of the DSEs by fiat as follows: First arbitrarily specify a vertex Ansatz Γ µ (p, q; 0) of the form of Eq. (1.7) to be the Landau gauge vertex, and then define the Ansatz Γ µ (p, q; ∆) in other gauges to be the LK transform of Γ µ (p, q; 0). Form invariance of the DSEs under LK transformations then ensures that any propagator solution will automatically have the desired LK transformation properties. Since our choice of Landau gauge vertex was arbitrary, a constraint demanding the gauge covariance of propagator solutions then becomes vacuous.
to be functionally dependent on just the fermion propagator, and, more specifically, for both Γ µ and Π to be determined if the fermion propagator is specified to be the bare propagator.
One is tempted to ask whether there may nonetheless be some (possibly nonlocal) gauge in which the bare propagator is the solution to the fermion DSE. Such a scenario has been suggested by a number of authors in the context of the nonquenched theory [8, 9, 14] . In these studies, however, the vertex Ansatz is taken either to be the bare vertex or a scalar function multiplied by the bare vertex. In either case condition (d) is satisfied and in the quenched limit the desired gauge leading to a trivial solution is Landau gauge. Here we demonstrate the existence of a nonlocal gauge in which the fermion DSE is solved by the bare propagator without assuming condition (d).
Let us take the solution to the vertex DSE (2.3) to be 
A solution of these equations for the scalar function ∆(k 2 ) will then provide us with a gauge in which the fermion DSE is solved by the bare propagator. IfΓ 6) for some scalar function φ. Fourier transforming both sides then gives
which simplifies to
with solution
So one can in principle extract from Eq. (2.9) a nonlocal gauge in which the bare propagator solves massless QED3. In practice, of course, determining the bare propagator gauge will not be a simple matter. Now consider the quenched theory, where the only free parameter is the coupling e 2 which for QED3 has dimensions of momentum. On dimensional grounds the chirally symmetric, Landau gauge solution to the fermion DSE must be of the form 10) for some function G. In any other covariant gauge, the propagator is given by the Euclidean LK transformation
Specifically, if ∆ 0 is the gauge in which the DSE admits a bare propagator solution, then
This can only be achieved if
for some dimensionless constant ξ 0 . It follows [3] that the gauge in which the propagator reduces to the the bare propagator is one of the usual covariant gauges 14) and that in the general covariant gauge of Eq.(1.4), the fermion propagator is
(2.15) in coordinate space, or 16) in momentum space. An analogous result is obtained for QED4 in ref. [6] , in which the perturbative correction to the vertex is used to model the unknown transverse contribution to the vertex function. In our case we are faced with a similar problem: without knowing the transverse contribution Γ T µ , we are unable to determine the constant ξ 0 . The task of determiningΓ T µ is a formidable one, and we have nothing more to say about it in this paper. Instead, in the next section we concentrate on constructing a practical Ansatz for the remaining part of the vertex in an arbitrary covariant gauge.
III. AN ANSATZ FOR PART OF THE VERTEX
In an arbitrary covariant gauge ξ, the vertex function can be decomposed according to where Λ µ (p, q) = S(p)Γ µ (p, q)S(q), one readily checks thatΓ T µ remains transverse and that Γ µ satisfies the WTI.
The functionΓ µ satisfies conditions (a) to (d) listed in the previous section. In ref.
[3] these properties were exploited to place one further restriction on the form of the vertex Ansatz, which we shall henceforth refer to as the transverse condition: (e) In the limit of zero fermion flavours and zero bare fermion mass, the partΓ µ of the fermion photon vertex Ansatz must be functionally dependent on the chirally symmetric fermion propagator S(p) = 1/ (iγ · pA(p 2 )) in such a way that
where D T µν (k) is defined by Eq. (1.3). Although refs. [3] and [4] only claim the transverse condition for the case ξ 0 = 0, we see by the following argument that it also applies to the current case. In the gauge ξ 0 , the transverse condition reduces to the identity Eq. (2.2). By Fourier transforming Eq. (3.3) to the form
it is clear from Eq. (3.2) that the transverse condition is invariant with respect to LK transformations, and so should be true in any gauge. Following Eq. (1.7), we can writê
By substituting Eq. (3.5) into Eq. (3.3) and noting that Γ BC µ only has terms containing single γ matrices we obtain the transverse condition in the form
We now turn our attention to the photon polarisation scalar defined in Eq (1.5). Π(p 2 ) is a gauge invariant quantity [7] and must remain so in the limit N f → 0, that is, if calculated using a fermion propagator and vertex function obtained from the quenched version of the theory. Furthermore, if we restrict our attention to that partΠ(p 2 ) of the photon polarisation scalar arising fromΓ µ , we see from condition (d) that in the gauge ξ 0 it is given by the oneloop result [15] 
We are thus led to one more constraint on the form of the Ansatz forΓ µ , namely that: (f) The partΠ(p 2 ) of the photon polarisation scalar Eq. (1.5), calculated using S(p) given by Eq. (2.16) and Γ µ replaced byΓ µ , must be equal to the one-loop result Eq. (3.8) for all choices of the gauge fixing parameter ξ.
Inserting Eq. (3.5) into the polarisation scalar Eq. (1.5) and using the WTI we obtain
It is clear thatΓ T µ enters only through the function F (k, ℓ) defined by Eq. (3.7). Furthermore, given any two vertex Ansätze satisfying conditions (a) to (e), and corresponding functions F 1 and F 2 , we must have
This follows from Eq. (3.6), the first term in the integrand of which is a uniquely determined functional of A(p 2 ). Integrating over ℓ, making the change of variables
p µ , and using Eq. (3.9) then formally gives
We now take Ansatz number 1 to be any Ansatz satisfying only conditions (a) to (e), and Ansatz number 2 to be the 'correct' Ansatz satisfying conditions (a) to (f). We know in principle that Ansatz 2 exists. It is simply the LK transform of the bare vertex in the gauge ξ 0 to any other gauge ξ. 2 Since the transverse condition and the loop integral for the polarisation scalar are form invariant under the LK transformations, Ansatz 2 will then have properties (a) to (f). Ansatz number 1 must then entail a polarisation scalar satisfying ∞ 0 dp p 2 Π (p 2 ) − e 2 8p = 0, (3.12) provided this integral converges. We note that the derivation of Eq. (3.12) requires a change of integration variable which, as we shall see, may or may not be valid, depending on the convergence properties of the integrals involved.
In constructing an Ansatz for the vertex satisfying conditions (a) to (e), care must be taken to remember that not every function F satisfying the transverse condition (e) corresponds to a viable vertex Ansatz satisfying criteria (a) to (d). For instance, while one may be tempted simply to set the integrand of Eq. (3.6) equal to zero, a straightforward substitution shows that this will not do, as the constraint F (k, k) = 0 following from Eq. (1.9) will then not be satisfied. One is led to take into account the general form ofΓ T given by Eq. (1.10) . This gives
Dong et al. [4] proceed to satisfy the transverse condition by making the simplifying assumption that the g i be independent of k · ℓ. The angular integral in Eq. (3.6) can then be done analytically, giving the transverse condition as
where k and ℓ now mean (k µ k µ )
and we have set
The f i are well defined if condition (d) holds.
An Ansatz which satisfies conditions (a) to (e) can then be found by choosing functions f , f 3 and f 6 satisfying Eq. (3.15) in such a way that they have no ξ dependence other than a possible implicit dependence through A. The simplest way to achieve this, and the way chosen in ref. [4] , is to set the terms in square brackets in Eq. (3.15) to zero. Here we shall consider the one parameter family of Ansätze
The choice β = 1 gives the Ansatz proposed by Dong et al. [4] . One possible defect of this Ansatz for any value β is that, for k 2 = ℓ 2 , but k µ = ℓ µ ,Γ µ has a logarithmic singularity. (For k µ = ℓ µ , the structure of the transverse tensors T i µ is such thatΓ T µ (k, k) = 0, but for k µ and ℓ µ not parallel, no such cancellation occurs.) However, it is extremely difficult to construct functions f i satisfying Eq. (3.15) without this defect, so we shall persevere with this family of Ansätze.
IV. NUMERICAL EVALUATION OFΠ
We have numerically calculatedΠ using the vertex Ansatz containing the transverse piece specified by Eq. (3.19) . This amounts to evaluating the integral
The results are plotted in Fig. 1 for a range of values of β, together with the one-loop result Eq. (3.8) . If the fermion propagator of Eq. (2.16), which scales as
is used, the polarisation scalar will scale as 3 The choicef = f 3 = 0, f 6 = 1 2 (k 2 +ℓ 2 )/(k 2 −ℓ 2 ), namely the chiral limit of the Curtis-Pennington (CP) vertex [2] was proposed in ref. [3] . The chiral limit of the CP vertex is unacceptable as it violates condition (b) (the Ward identity) [4] and leads to a divergent integral for the polarisation scalar Eq. (3.9).
In our numerical results we therefore only consider the case e 2 = 1, ξ = 1 + ξ 0 . By expanding the integrand in Eq. (4.1) before the factors of p have been scaled out we obtain analytically the first couple of terms of the expansion of Π(p) about p = 0:
the first term being the contribution from the minimal Ball-Chiu part of the vertex. This infrared behaviour is confirmed by the numerical results plotted in Fig.1 . On the other hand, inserting the expansion
into Eq. (4.1) we obtain an expansion for large p:
The first term in each coefficient of this expansion arises from Γ BC and has been calculated analytically, while the remaining terms arise fromΓ T and have been calculated numerically. For the integral in Eq. (3.12) to be convergent, the coefficients of 1/p 2 and 1/p 3 should be zero. The 1/p 2 coefficient can be set to zero by choosing
The coefficient of 1/p 3 is zero to within the accuracy of our numerical calculations. In Fig.2 we plot the integrand p 2 [Π(p 2 )−e 2 /8p] for three values of β including that given in Eq. (4.8). It is clear that the value of β which renders the integral convergent leads to a nonzero value for the integral in Eq. (3.12). We suspect that the cause of this discrepancy lies with the logarithmic singularity introduced into our Ansatz forΓ 
V. SUMMARY AND CONCLUSIONS
The problem of constructing a practicable Ansatz for the fermion-photon vertex function in QED3 has been considered. We observe that the vertex contains a transverse part which cannot be determined by considering only the WTI and gauge covariance of single particle propagator DSEs. In order to progress further with determining this transverse part it will be necessary either to consider the vertex DSE or, following ref. [6] , to incorporate information from the perturbative loop expansion of the vertex. These problems are not considered in this paper.
In the process of carrying out our investigations, we have demonstrated the existence of a nonlocal gauge for which the chirally symmetric solution to the fermion DSE is the bare propagator. In the case of the quenched theory N f → 0 this gauge is in fact one of the usual covariant gauges. Unfortunately the actual gauge which renders the fermion propagator equal to the bare propagator gauge will remain unknown while the full transverse part of the vertex is undetermined.
Nevertheless, we have explored the extent to which a vertex Ansatz can be constructed working with only single particle propagator DSEs in the quenched limit. We write the vertex function as a sum of two pieces, one of which reduces to the bare vertex in the bare propagator gauge, and the other of which is a transverse piece containing information which can only be gleaned from higher n-point DSEs. We give a viable Ansatz for the first of these based on the work of Dong et al. [4] . Our Ansatz is determined by the constraint that the known contribution to the photon polarisation scalar from this part of the vertex should be reproduced accurately. Our Ansatz achieves this goal over practically the entire momentum range, failing only in the extreme infrared. 
